Abstract. In this paper, we find a new recurrence formula of the Euler zeta functions.
Introduction
The Euler zeta function is defined as ζ E (s) = ∞ n=1 (−1) n−1 n s for s ∈ C.
In [1] , Lee-Ryoo found the following recurrence formula of ζ E (2s) for s ∈ N using Fourier series. ,
The proof is very elementary. They first considered a function f (x) = x 2m for −2 < x < 2 and found Fourier coefficients. Then f (x) can be written as
where a n = m k=1 (−1)
n 2k π 2k cos nπ.
By substituting x = 1, they got
.
In the case of m = 1, one easily gets ζ E (2) = π The goal of this article is to get more refined version of the recurrence formula of the Euler zeta functions.
The Recurrence Formula
The following is the main result.
Theorem 2.1. For s ≥ 2(∈ N) and ζ E (2) =
Proof. We'll use the same function f (x) = x 2m for −2 < x < 2. As in the proof of [1] ,
n 2k π 2k cos nπ. Now we substitute x = 0. Then, 0 = 2
and hence we also
. By subtracting the second equation from the first equation, we get the result.
Corollary 2.2. For s ≥ 2(∈ N) and ζ E (2) =
Proof. Since 2s P 2s−1 = (2s)! and 2s P 2k−1 − 2s−2 P 2k−1 = 2(2s − 2)!(2k − 1)(2s − k) (2s − 2k + 1)! , the corollary immediately follows.
Remark 2.3. One can get many such recurrence formulas by considering different functions. Even the same function, one can also get many formulas by substituting different values.
